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We discuss the CP properties of the potential in the general Two-Higgs-Doublet Model (THDM). 
This is done in a concise way using real gauge invariant functions built from the scalar products 
of the doublet fields. The space of these invariant functions, parametrising the gauge orbits of 
the Higgs fields, is isomorphic to the forward light cone and its interior. CP transformations are 
shown to correspond to reflections in the space of the gauge invariant functions. We consider CP 
transformations where no mixing of the Higgs doublets is taken into account as well as the general 
case where the Higgs basis is not fixed. We present basis independent conditions for explicit CP 
violation which may be checked easily for any THDM potential. Conditions for spontaneous CP 
violation, that is CP violation through the vacuum expectation values of the Higgs fields, are also 
derived in a basis independent way. 



1. INTRODUCTION 

In the Standard Model (SM) and in many exten- 
sions of it like the Minimal Supersymmetric Standard 
Model (MSSM) p], Q the electroweak symmetry break- 
ing is accomplished via the Higgs mechanism. In the SM, 
where one Higgs doublet is introduced, the Higgs poten- 
tial is automatically invariant under CP transformations. 
Thus, CP violation in the SM only arises via Yukawa in- 
teractions of the Higgs field with the fermions, that is, 
through the Kobayashi-Maskawa mechanism |3[ . 

Here we investigate models having the standard weak 
isospin times hypercharge (SU (2) l x U(1)y) gauge group 
as invariance group and a Higgs sector with two dou- 
blets. That is, we consider the general Two-Higgs- 
Doublet Model (THDM). In contrast to the SM, in the 
THDM the Higgs potential itself is in general not invari- 
ant under CP transformations 

The CP properties of the Higgs potential are studied 
in the framework of gauge invariant functions, built from 
all possible SU(2)l X U(l)y invariant scalar products of 
Higgs doublets In this approach all invariant scalar 
products are replaced by real gauge invariant functions 
which can be combined to a four-vector. In terms of 
these real gauge invariant functions a mixing of the Higgs 
doublets corresponds to rotations of the space-like com- 
ponents of this four-vector and, as we shall show, CP 
transformations correspond to reflections of the space-like 
components. Thus, constraints for CP invariance can be 
derived concisely in this geometric picture. We also give 
unambiguous criteria for the occurrence of spontaneous 
CP violation, where CP violation arises from the vac- 
uum expectation values of the Higgs doublets, although 
the Higgs potential itself is CP invariant. 

There is much interest in the investigation of an exten- 
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sion of the Higgs sector for several reasons: supersym- 
metric extensions require one to have at least two Higgs 
doublets in order to give masses to up- and down-type 
fermions and to keep the theory anomaly free. Generally, 
the naturalness problem arising in the SM is crucially de- 
pending on the Higgs sector. In [5:j this has been used as a 
motivation to focus on the THDM. For a recent proposal 
of THDMs having a custodial symmetry see [fj . Another 
reason originating from cosmology is that CP violation is 
one of the three Sakharov criteria which have to be ful- 
filled in order to explain the observed baryon-antibaryon 
asymmetry in our Universe through the particle dynam- 
ics 0, [1]. In the SM, given the strength of the observed 
CP violation and the experimental lower bound on the 
Higgs mass, one cannot explain the baryon excess over 
anti-baryons observed in our Universe. For a review see 
for instance 0] . A possible way out of this dilemma is to 
consider models with an extended Higgs sector. 

There exists already an extensive literature on CP 
violation in multi-Higgs and, in particular, two-Higgs- 
doublet models. A general discussion of CP transforma- 
tions in gauge theories was given in [l(| • In [HI [HJ basis 
independent conditions for spontaneous CP violation are 
given for the general THDM. References [TH, [l4| provide 
an extensive analysis of the general THDM in terms of in- 
variants with respect to U(2) Higgs basis changes. In [l3| 
a proof is given that the conditions of [ll| for spontaneous 
CP violation are sufficient and necessary. Reference 
determines the necessary and sufficient conditions for ex- 
plicit CP violation in a basis independent way via the sys- 
tematic check of potentially complex invariants. A rather 
detailed account of CP violation in N-Higgs-doublet mod- 
els in general and THDMs in particular was given in [Tol l 
using gauge invariant functions. In jlTj the Higgs mass 
squared matrix is considered and CP-conservation con- 
ditions are determined from the possible mixing of CP- 
even and CP-odd entries in this matrix. Reference [l6[ is 
devoted to spontaneous symmetry breaking in THDMs, 
focusing critically on the issue if and when the usual pa- 
rameter tan/3 can be considered to be a truly physical 
parameter. A measure for CP violating effects is dis- 
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cussed in JTsJ for a given Higgs basis and vacuum. Let 
us also mention the investigation of the minima struc- 
ture of THDMs in context with CP violation; see [III] 
and references therein. In [2(| the THDM was studied 
from a group theoretic point of view. In [2l|, the 
Minkowski space structure of the K-space (in our nota- 
tion) was emphasised. Lorentz transformations were used 
to diagonalise the term of the potential V ([24]) quadratic 
in K. In our present paper we have not used Lorentz 
transformations in K-space for several reasons. Lorentz 
transformations do in general not respect the form of the 
kinetic term in the Higgs Lagrangian. In [23| we are in- 
terested in the complete theory. Thus we only consider 
Higgs-basis transformations which keep the kinetic term 
invariant. There are potentials which are stable in the 
weak sense (see section 4 of Q) and thus completely ac- 
ceptable from a physical point of view. We find examples 
of such potentials where the term quadratic in K can- 
not be diagonalised by a Lorentz transformation. In our 
work we do not exclude these cases from the discussion. 
Also we find it generally advantageous to give criteria for 
properties of a THDM in a way directly applicable for 
any given model without assuming a particular choice 
for the Higgs-flavour basis. 

In our present paper we take up again the question of 
CP violation in THDMs. We derive some new results 
and rederive already known results in a way as we need 
it for the companion paper (23|. Indeed, the present pa- 
per and [23[ should be considered as belonging together 
and forming one unit. Our present paper is organised as 
follows. In section [2] we briefly recall the definitions of 
the gauge invariant functions which provide our frame- 
work to investigate CP properties. Then, in section [3l 
we classify the possible types of CP transformations and 
present constraints for CP invariance of the potential in 
this framework. This is followed in section 0] by a dis- 
cussion of spontaneous CP violation. The general results 
are illustrated in section [5j where we discuss two specific 
models in the more conventional parametrisation of [24| . 
Section [S] contains our conclusions. In the respective sec- 
tions we also compare our findings to those in the lit- 
erature mentioned above. The appendices contain the 
proofs of two theorems and details for general models 
with different types of CP symmetries. 

2. GAUGE INVARIANT FUNCTIONS IN THE 
GENERAL TWO-HIGGS-DOUBLET MODEL 

We shall use the gauge invariant functions as intro- 
duced in [4| . Here we recall the formalism briefly in order 
to make this work self-contained. 

We denote the two complex Higgs-doublet fields by 

with i = 1,2. Hence we have eight real scalar degrees of 
freedom. The most general SU(2)l x U(1)y invariant 



Lagrangian for the THDM can be written as 

=2thdm = Sfip + =5?Yuk + -Sf', (2) 
where the Higgs-boson Lagrangian is given by 

i=l,2 

This term replaces the kinetic terms of the Higgs boson 
and the Higgs potential in the SM Lagrangian. The co- 
variant derivative is 

X>„ = + igW«T a + ig'B^Y, (4) 

where T a and Y are the generating operators of weak- 
isospin and weak-hypercharge transformations. For the 
Higgs doublets we have T a = r a /2, where r a (a = 1, 2, 3) 
are the Pauli matrices. We assume both doublets to 
have weak hypercharge y = +1/2. By Jzfyuk we denote 
the Yukawa-interaction terms of the Higgs fields with 
the fermions. Finally, Jzf ' contains the terms of the La- 
grangian without Higgs fields. We do not specify Jzfyuk 
and Jzf' here since they are not relevant for our analysis. 

We remark that in the MSSM the two Higgs doublets 
Hi and H2 carry hypercharges y = —1/2 and y = +1/2, 
respectively, whereas here we use the conventional defini- 
tion of the THDM with both doublets carrying y = +1/2. 
However, our analysis can be translated to the other case, 
see for example (3.1) in [25[, by setting 

= -e a/3 (fff )*, 
^2 = 

where e is given by 




The most general gauge invariant and renormalisable 
potential V(ipi, ^2) for the two Higgs doublets ifi and tf2 
is a hermitian linear combination of the following terms: 

Vi<ftn (fif^i'Pk'Pl)' ( 7 ) 

where i,j,k,l€ {1,2}. It is convenient to discuss the 
properties of the potential in terms of gauge invariant 
expressions. For this purpose we arrange the fields ipi ((T|) 
in a 2 x 2 matrix (see (A. 2) of 

*w - (S) *>) ■ (8 » 

Similarly, we arrange the 577(2) 1 x U(1)y invariant scalar 
products into the hermitian 2x2 matrix 

£(»):= H** fy 1 ) = <Kx)*Hx) (9) 
and consider its decomposition 

Kij (*) = \ ( K o(x) Sij + K a {x) 0%) , (10) 
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using the completeness of the Pauli matrices a a (a — 
1,2,3) together with the unit matrix. Here and in the 
following summation over repeated indices is understood. 
Explicitly, © and (JTDJ yield 



<p\<pi = {K + K 3 )/2, tp\<p2 = (Kx + iK 2 )/2, 
4<p 2 = (K - K 3 )/2, tptw = [K x - iK 2 )/2 . 



(11) 



Thus the four real coefficients defined by the decomposi- 
tion (flU)) are given by 



K a = ip[ipi + (p 2 <p 2 , K x = 2Reip[<p 2l 
K 3 = <p\<pi - <p 2 <P2, K 2 = 2lu\Lp\ip 2 

Using the three- vector notation 

(Ki{x)\ 
K(x) := K 2 {x) , 



(12) 



(13) 



the most general potential can be written as follows: 

V = toK + £ T K + 77oo Kq + 2-^0 r] T K + K T EK, (14) 
with 



E 



'Vu V12 Via 

mi V22 1]23 
v%l V32 V33, 



(15) 

Here the 14 independent potential parameters £o> £a, Voo, 
f] a and T] ab = T] ba are real. 

Now we consider a change of basis of the Higgs fields, 
(pi — > ip[, where 



U 2 i U 22 ) \ip 2 



Here 



U = 



Un U 12 

U 2 \ u 22 



U^U=1 2 



(16) 



(17) 



is a 2 x 2 unitary matrix. With (|T6|) the gauge invariant 
functions (fT2|) transform as 

K' Q = K Q , K' a = R ab (U)K b , (18) 

where R a b{U) is defined by 

U^ a U = R ab (U)a b . (19) 

The matrix R(U) has the properties 

R*(U) = R(U), R T (U)R(U) = 1 3 , det R{U) = 1, 

where I3 denotes the 3x3 unit matrix. The transfor- 
mations fulfill R(U) £ 5*0(3), that is, they are proper 
rotations in K-space. 



The Higgs potential (fT4f remains unchanged under the 
replacements (1181) if we perform an appropriate transfor- 
mation of the parameters of V: 



e -eo, t' = mu)t, 

^oo = ? /oo, t]' = R{U)r), 

E' = R(U)ER T (U). 



(21) 



Moreover, for every matrix R with the properties (|20p . 
there is a unitary transformation (fTB"]) . We can therefore 
diagonalise E, thereby reducing the number of parame- 
ters of V by three. The Higgs potential is then deter- 
mined by only 11 real parameters. 

The matrix K(x) is positive semi-definite, which fol- 
lows immediately from its definition ([9]) . With Kq = tr K 
and Kq - K 2 = 4 det K_ this implies 

K o (x)>0, K {x) 2 - K{x) 2 > 0. (22) 

On the other hand, for any given K (x),T£(x) fulfill- 
ing (j2"2"|) , it is possible to find fields (pi obeying (fT2")l . Fur- 
thermore, all fields obeying (fl"2)) for a given K (x),K(x) 
form one gauge orbit; see appendix A of [3]. 

Thus, the functions K (x),K a (x) parametrise the 
gauge orbits and not a unique Higgs-field configuration. 
Specifying the domain of the functions K$(x), K a (x) cor- 
responding to the gauge orbits allows to discuss the po- 
tential directly in the form (fT4|) with all gauge degrees of 
freedom eliminated. We note that the gauge orbits of the 
Higgs fields of the THDM are parametrised by Minkowski 
type four-vectors 



(23) 



which have to lie on or inside the forward light cone. This 
allows us to write the most general potential (TTJJ in the 
concise form (see (87) and (88) of [4 1 ) 



- t - 
V = K £- 



K T EK , 



where 



Co 



E = 



Voo 17 
77 E 



(24) 



(25) 



3. CP TRANSFORMATIONS AND 
CP INVARIANCE OF THE LAGRANGIAN 

3.1. The standard CP transformation 

The standard CP transformation of the gauge fields 
and the Higgs fields reads (see for instance [26| ) 



W M (x) 



CP S 



CP 5 



-Wj(x% 
-B^x'), 



(26) 
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<Pi(x) 
Here we have 



CP 3 



ipttf) (*=1,2). 



X 

-x 



and 



W t (x) = W" a (x)-T a 



(27) 



(28) 



(29) 



is the matrix of the W^-potentials. Of course, a discussion 
of this CP transformation makes only sense once we have 
already chosen a particular basis for the two Higgs dou- 
blets since basis transformations (flfi)) change l[2"7J). Such 
a particular choice of basis is, indeed, in general required 
when the Yukawa term Jzfyuk is taken into consideration. 
In the MSSM, for instance, one Higgs doublet couples 
to the up-type fermions, one to the down type fermions. 
This clearly singles out a special basis. Therefore, we 
have denoted the CP transformations in (|26|) and |27|) 
by CP S for standard and special. 

From the definition of our matrix K_ and of the four 
real coefficients Kq and K a it is obvious that the CP S 
transformations (|2"T|) correspond to 




— £V) = K T (x'), 

CP 3 



CP 3 



Ko(x'), 

K^x'Y 
-K 2 {x') 
K 3 (x') J 



(30) 



That is, the vector K(x) is subjected to a reflection on 
the 1-3 plane and a change of argument x — *■ x', 



K(x) ^ R 2 K{x'), 



where 



'1 0> 
i? 2 := | -1 | . 
,0 1, 



(31) 



(32) 



The potential V (114)) allows for CP S as a symmetry if 
and only if it contains no terms linear in K 2 ■ The kinetic 
term in the Higgs-Lagrangian Q is invariant under CP S 
as defined in (|2"6")l , (f2"T|) . Thus, we have the following 
theorem. 

Theorem 1. The Higgs Lagrangian (Q) with the gen- 
eral potential {1$ is invariant under the CP S transfor- 
mation &26\) . fg7|) if and only if 



(33) 



6 = o, 7/2 = o, 7712 = 7723 = 0. 



Equivalently, we can formulate \33\l with the help of the 
reflection matrix \32\) as 



(34) 



fl 2 £ = £, R2V = V, R2ER 2 l = E. 



3.2. Generalised CP transformations 

We shall in this paper also consider generalised CP 
transformations of the Higgs fields [27| defined by 



ipi(x) — ^+ U Vii j tfj(x'), 



(35) 



with i = 1,2 and J7 V = (E/^ij) £ f/(2). That is, the 
complex conjugation of the Higgs fields is supplemented 
by a basis transformation (|16p . The transformation of 
the gauge potentials stays the same as in (l26l) . 



CP K 



CP K 



-B^(x'). 



(36) 



The CP g transformation (f35|) implies for the gauge in- 
variant functions ([H]) and dTQJ) 



K(z) 



CP K 



CP E 



CP„ 



U v K*{x')Ul 
K (x'), 

R(U v )R 2 K(x') 



(37) 



with R{U V ) £ SO {3) obtained from (TT5]) with U replaced 
by Utp. That is, CP g induces an improper rotation R v 
of the vector K in addition to the change of argument 



pp 

K (x) ^ K (x% 



K(x) 



CP E 



R v K{x'), 



(38) 



where 



R^ — R(U ip )R 2 , 
R<pR^ = ^3) 

det R v = det (R(U V )R 2 ) = -1. 



(39) 



From the results of section [2] it is clear that to any im- 
proper rotation R v there is a U v £ U(2) which, inserted 
in d35j), gives ([38]) and (|39"1) . 

Thus, asking if the potential V ((HJ) allows for a CP g 
symmetry is the same as asking if it is invariant under 
some improper rotation (|3"5|) of the K-vectors. That is, 
we have invariance under a CP g transformation if the 
parameters of V HU) satisfy 



R v € = €, Rf'n = v- R v er v 



E 



(40) 



for some improper rotation matrix R v . 

We shall study now the effect of a basis change ([T 



on R v . For this it is convenient to work with the matrix 
4>(x) ©. Let the new basis fields be ip'x(x), <p' 2 (x) and 
the corresponding matrix 

ct>'(x) = ( (p h ( f X ] *kfi)=U<Kx) (41) 
W 2 (x) WW J 
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with U S (7(2). The CP g transformation ([35]) reads 



CP 



4>(x) — > u v 4>*(x ). 



This implies 



CP 



(j>'{x) — U UU v 4>*{x') 



UUpU*- 1 ^^') (43) 



where 



u' v = uu v u*-\ 



(44) 



The transformation of K' (x) and K (x) in the new basis 



CP 



K' (x) -A K' (x') 



K'(x)^ R'K'(x'), 



(45) 



with 



R' v = R{U' ip )R 2 = R(U)R V R T (U). (46) 



Here R(U) £ 50(3) is the rotation matrix obtained from 
U according to (fT9|) . Thus, a basis change induces an 
orthogonal transformation of the improper rotation ma- 
trix R v . 

Now we shall consider two successive CP g transforma- 
tions. For the gauge potentials and for the gauge invari- 
ant functions we find from (l36l and (l38l): 



(47) 



W»(x) CPs ° CPg ) W(x), 
B»( x ) CPg ° CPs ) B»{x), 
K (x) K (x), 
K(x) CPs ° CP8 ) (i? y ) 2 K(x). 



Requiring that CP g o CP g gives the unit transformation 
for the gauge invariant functions leads to the condition 



RtpRtp — I3. 



(48) 



But we also have R V R^ — I3; see (|39|). The require- 
ment (|48p thus means that .R^ is symmetric 



(49) 



As a real symmetric matrix it can be diagonalised by an 
orthogonal matrix R(U). That is, we can make a basis 
change of the Higgs fields as in (|4"Tj) and achieve 

R' = R^R^R^ (U) = diagonal matrix. (50) 



Since R' v is an improper rotation it satisfies R'^R'^ = 1 3 



and det R' 



T. Thus, we have only the possibilities 



(42) R'<p = Ri or R2 or i? 3 or — 1 3 . Here 



Ri 

R 2 

Ra 



= diag(-l, 1, 1), 
= diag( 1,-1, 1), 
= diag( 1, 1,-1). 



(51) 



The cases R' = Rj, j = 1, 2, 3 are equivalent by a basis 
change. Thus we find the following. 

An improper rotation R v satisfying R^ = I3 is either 



(0 



■la 



(52) 



that is, a point reflection, or orthogonally equivalent to 
the reflection R 2 

(ii) R v = R T (U)R 2 R{U), (53) 
that is, a reflection on a plane. 

CPg transformations of type (i) 

For the case (i), R v as in (1521) . the CP g transformation 
for the fields is obtained from (|42f by setting U v = e, 

CP 

<P(x)^ecj>*(x'), (54) 
where e is defined in ([5]). With this we obtain indeed 

K{x) ^ e<f>*{x')^{x')e T 
= eK T (x')e T 



~(K (x')1 2 -K(x')ct), 



(55) 



CP 

K(a:) —A -K(a;'). 



Note that here CP g o CP g gives the unit transformation 
for the Higgs fields only after a suitable gauge transfor- 
mation. We have 

<f>(x) CPs ° CPe ) e (ecP*(x))* = -<f>(x). (56) 
A hypercharge gauge transformation 

U G = exp (27riY) (57) 

with Y = |l 2 for the Higgs fields gives (see (A.7) of d) 

0(a.) 22+ ^ x )ijT = ^(x)(-i). (58) 
Thus, for the case (i), (152")) . the transformation 

exp (2ttiY) o CP g o CP g (59) 

is the unit transformation for the Higgs fields and, as we 
easily check, also for the gauge potentials. In appendix [Bl 
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we show that, up to gauge transformations, the transfor- 
mation of the fields given in (|54")) is the only possible one 
giving a CP g transformation of type (i). We also show 
there that (|54[) holds in any basis, again up to gauge 
transformations. Thus the CP g transformations of type 
(i) have the very interesting, one might even say aes- 
thetic, property of having the same form in any Higgs 
basis. 

The invariance conditions for the potential parameters, 
(|4"0")l . give us here the following theorem. 



Theorem 2. 

potential \1J$ 
(i), where R v 



The Higgs boson Lagrangian |[3|) with the 
has the CP g symmetry iSb}) , &38\) of type 
I3 (see i5ty) ), if and only if 



£ = and r\ = 0. 



(60) 



We note that the statements of theorem [2] are basis 
independent, since the conditions £ = and r) = are 
not affected by a change of basis. This is a direct conse- 
quence of the basis independence of the form of the CP g 
transformation of type (i). 



CPg transformations of type (ii) 



For the case (ii), R v as in ([53| . we find that the original 
CP g transformation ([55]) is equal to the standard CP S 
transformation (|2T[) for the Higgs fields after a suitable 
change of basis, see (fT6|) and ([4"Tj) : 



CP R 



V) (* = 1,2). 



(61) 




Using now the results of section 13.11 we find that the 
THDM potential (H} will be invariant under a CP g 
transformation of type (ii) if and only if we can find a 
basis transformation (|16[) eliminating all odd powers of 
K2- That is, there must exist some R(U) <G 50(3) such 
that 



i' = R(u)i 



n ' = />U>,,= ( u I . (62) 
'• - x 

E' : rui'>ER T (u) = ( • 

where the dots represent arbitrary entries. Note that the 
central entry of E' , that is E^-, need not vanish, since it 
corresponds to a quadratic term in Ki. Obviously, the 
first two conditions correspond to a rotation of the vector 
cross product £ x rj into the 2-direction which is always 
achievable by suitable rotations around the 1- and the 3- 
axis. It is advantageous to formulate the conditions (|6"2"|) 
in a way independent of the chosen basis, so that no ro- 
tations of the original parameters have to be performed. 



In the following we shall show that the conditions (|62"|) 
are equivalent to a simple set of equations. We formulate 
this result as a theorem. 

Theorem 3. The THDM potential V is invariant 
under a CP g transformation li36\). i38\) of type (ii) (see 
A53\) ) if and only if the following set of equations holds: 



(* x T7) T E£ = 0, 
(£, x rjf Er) = 0, 
(£ x (E£)) T E 2 £ = 0, 
(77 x (Er])) T E 2 rj = 0. 



(63) 
(64) 
(65) 
(66) 



The conditions (f6"5)) and (f6"6")) are required for the case 
£ x r\ = 0, which leads to trivial equations for (|6"3"]) 
and (|64[) and thus gives no constraints on the matrix E. 
By insertion of the explicit expressions (|62|) it is seen 
that they are sufficient to satisfy (|63 p - (|6"6"|) . The proof 
that (|6"3")) - (f6"6")) are also necessary conditions for (|6"2"|) to 
hold is more lengthy and thus is postponed to the ap- 
pendix [X] Since (|63|) - ([66|) just express linear dependen- 
cies of three-vector type quantities via vanishing triple 
products, it is obvious that these conditions are rota- 
tionally invariant. They arc therefore independent of the 
chosen basis, that is independent of transformations (|2"Tj) 
of the parameters. Thus we have found very simple and 
basis independent conditions (f6"3"|) - ([6"6"]) which are satis- 
fied if and only if the THDM Higgs potential allows for 
a CP g symmetry of type (ii). 

The conditions (|6"3")) - (f6"6"]) are equivalent to (23)-(26) 
in [HI a s well as to the conditions given in (A)-(B) in 
[l5T | . The proof in appendix [X] shows how a Higgs basis 
is constructed for which the potential is invariant un- 
der the standard CP transformation, provided (|63[) - (f6"6"]) 
hold. In this basis the parameters of the potential with 
respect to the Higgs fields, V(tpi, ^2), are real. Note that 
by construction the parameters of V(K.) are always real, 
independent of its CP properties. 

We remark that the conditions (f6"3"|) - ([6"6")) guarantee 
that the potential has at least one CP g invariance trans- 
formation. It is possible that a theory has more than one 
CP g invariance transformation. A sufficient condition 
guaranteeing the uniqueness of the CP g transformation 



(67) 



Then, clearly the only reflection symmetry one can have 
is on the plane spanned by £ and r\. In appendix [C] 
table QJ we give a classification of CP g type (ii) invariant 
theories with respect to the number of independent CP g 
transformations they allow. 

An additional remark concerns the relation of type (i) 
and (ii) symmetries. From theorems [2] and [3] we see that 
a theory having the CP g symmetry of type (i) is also 
invariant under - in fact, several - CP g transformations 
of type (ii). This is further discussed in appendix [Cl 
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Eventually we note, that we have classified the CP g 
properties of the THDM according to the Higgs poten- 
tial, regardless of whether these symmetries are sponta- 
neously broken or not. Such a classification of symme- 
tries at the Lagrangian level is interesting by itself for 
several reasons: through symmetries the parameters of 
the theory can be restricted. Moreover, at high tempera- 
ture one expects to see the full symmetries of the theory 
explicitly. In particular, the phase structure of the theory 
will depend crucially on these symmetries. Symmetries 
may also point the road to generalisations of the theory 
relevant at higher energy scales. 

In the following section we study in detail the condi- 
tions for spontaneous breaking of these CP g symmetries. 



where 

g :=diag(l, -1,-1,-1), (73) 
or written out in components 

Co = -2(7 ?00 iYo - ^%^o + r? T K), (74) 

2 

£ = -2(EK + ^K + Kov). (75) 

Here m#± is the mass of the charged Higgs bosons and 
vo « 246 GeV (76) 



4. SPONTANEOUS CP VIOLATION 

If there is no CP transformation under which the po- 
tential is invariant, CP is broken explicitly. If the poten- 
tial is invariant under a certain CP g transformation but 
the vacuum expectation value does not respect this sym- 
metry we have spontaneous violation of this CP g symme- 
try Note that a potential can be symmetric under several 
CP g transformations where some may be conserved and 
some violated by the vacuum expectation value. Exam- 
ples for this case are given below. 

The stationary points of V (fl"4|) with the lowest poten- 
tial value give the vacuum solutions for K(x) (f2"3"|) and 
for the fields. We denote the corresponding values by 

:= ( Vi {x)) = K\ (68) 

with i = 1,2. We get then for the vacuum expectation 
values of the matrices <j> ([8]) and K_ ([9]) : 

£=^(tfol2 + K<r) = <0M)t. (70) 

Note that the gauge invariant functions are written with 
argument in this section as Kq(x), K(ar), whereas the vac- 
uum expectation values are written without argument, 
Kq, K. Of course, for an acceptable theory the physical 
vacuum must accomplish electroweak symmetry break- 
ing (EWSB). That is, the gauge group SU(2) L x U(1) Y 
must be broken down to U(l) em . In [4] it has been shown 
that this requires 

K = |K| > 0. (71) 

That is, the vacuum solution for the Higgs fields must 
correspond to a non-zero light-like four- vector K. This 
four- vector K satisfies the stationarity condition (see (96) 
and (145) of Q and §H§ and (25)) 

2 

C = -2 (J - U05) K, "o = ^, (72) 



is the standard Higgs vacuum expectation value. 

Suppose now that the potential V has a CP g symme- 
try, that is, an invariance under an improper rotation 
R v . The potential parameters satisfy then (|40|) . This 
symmetry is spontaneously broken if and only if the vac- 
uum expectation value K does not respect this symmetry, 
that is, fulfills 

R V K £ K. (77) 

Note the gauge invariance and basis independence of this 
condition. 

We shall now study the CP g transformations of the 
cases (i) and (ii) separately and discuss then the stan- 
dard transformation CP S . 



4.1. CPg invariance of type (i) 

According to theorem [5] the potential having CP g in- 
variance of type (i) has the form (see (JHOJ)) 

V = toKo(x) + r l00 K (x) 2 + K(x) T EK(x). (78) 

From (|7Tj) we see that the correct EWSB requires K^0. 
This implies then ([77)) with R v = — 1 3 . That is, we have 

- 1 3 K + K. (79) 

We formulate this result as a theorem: 

Theorem 4. A theory which is invariant under the CP g 
type (i) transformation has the potential J7#[ ). The re- 
quired EWSB implies that the CP g type (i) symmetry is 
spontaneously broken. 

In appendix [B] we discuss in detail the stability and 
EWSB properties of this class of models having the po- 
tential (fT8"|) . There we prove the following theorem. 

Theorem 5. Consider the Higgs part of the THDM La- 
grangian (0) with the potential J7£| ) having CP g invari- 
ance of type (i). Let /i x > fi2 > ^3 be the eigenvalues of 
E with this ordering. The theory is stable, has the correct 
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EWSB and no zero mass charged Higgs boson if and only 
if 



Voo > 0, 

Va+Voo>0 for a = 1,2,3, 

£o<o, 

Ms < 0. 



(80) 



The CP g symmetry of type (i) is then spontaneously bro- 
ken. 

This clarifies the case of THDM models with type (i) 
CP g symmetry completely. 



4.2. CPg invariance of type (ii) 

For a theory having a CP g invariance of type (ii) the 
parameters of the potential V must satisfy ac- 
cording to theorem [3] Such a CP g symmetry is sponta- 



neously broken if ([77) holds with R v as in 



Sup- 



pose now that for given parameters satisfying (|63p - (166[) 
it has been checked that V is a stable potential. Suppose 
furthermore, that the vacuum solution K_ (|70p has been 
identified. For this we can use, for instance, the methods 
of The following theorem allows us then to check if 
CPg is spontaneously violated or not. 

Theorem 6. Suppose that the potential is invariant un- 
der one or more CP g type (ii) transformations, that is, 
its parameters respect i63\) - [6b]) . Let -KojK be the vac- 
uum solution. The question if there is a CP g invariance 
which is also respected by the vacuum can be decided by 
checking the following three relations: 



(£ x r,) T K 


= 0, 


(81) 


(£ x (E£)) T K 


= 0, 


(82) 


(r, x (Erj)) T K 


= 0. 


(83) 



We distinguish two cases. 

(a) £xtj^0. 

The theory allows then exactly for one CP g type (ii) in- 
variance transformation which is conserved also by the 
vacuum if and only if \81\) holds. In this case 
and H83\) are a consequence of i81\) . 



(b) £xr 1 = 0. 

Then i81\) is trivial. There may be more than one CP g 
type (ii) invariance transformation. At least one of 
these symmetries is also respected by the vacuum if (8fy) 
and (EW hold. 

The proof of theorem [6] is presented in appendix [Cl 
We find that the conditions (j5T]) - ({53")) for the absence of 
spontaneous CP violation are equivalent to the condi- 
tions given in theorem 4 of jl4], which were proven in 



[1 31 ] and found before in [ll|, [ijj . We find that the cri- 
teria a)-c) in [l5[ correspond to (fgTj) - (|52")) and should be 
supplemented by ([53")) to cover the fully general case. We 
give the details in appendix [Cl 

We emphasise that the formulation absence of sponta- 
neous CP violation is not quite appropriate in this con- 
text. The correct statement is given in theorem [5] above. 
It covers also the case that the theory has more than 
one independent CP g type (ii) invariance transformation 
where one is respected by the vacuum and another spon- 
taneously broken. These mixed cases in fact occur; see 
appendix [Cl 

As discussed in the previous subsection, a type (i) 
symmetry is necessarily spontaneously broken in an ac- 
ceptable theory. On the other hand, a type (i) sym- 
metric model has at least three type (ii) symmetries. It 
is straightforward to verify that the vacuum respects at 
least one of these symmetries; see appendix [Cl 

To check the conditions (|HT|> - (|83[) we have to know the 
vacuum expectation value K. In theorem 2 of 0] a classi- 
fication of all stationary solutions as type (la) to (III) has 
been given, covering in particular the vacuum solution. 
We discuss in appendix [D] two necessary conditions for 
the occurrence of spontaneous breaking of a CP g type (ii) 
invariance. We formulate this as a theorem. 

Theorem 7. Spontaneous breaking of a CP g type (ii) 
invariance can only occur if the vacuum solution is of 
type (lib) (see theorem 2 of That is, the vacuum 

value K must be a solution of where 



det 



[E - u <?) 



= 0. 



Furthermore, in the basis H62]) we must have 



%2 



-M 



" l H± 



< 



(84) 



(85) 



if the CP g symmetry, corresponding to the reflection 
R2 £HP i n this basis, is spontaneously broken. 



4.3. CP S 



invariance 



This is, of course, a special case of CP g invariance of 
type (ii). But now it is convenient to discuss the situa- 
tion with respect to the distinguished basis where the CP 
transformation is of the standard type (see ((30|) . I|3ip). 



K (x) ^ K (x'), 



K(x) 



CP a 



i? 2 K(x'), 



(86) 



with i? 2 the reflection on the 1-3 plane, see (|32[) . Sponta- 
neous CP S violation means in this basis, from (|77[) with 
R v = i?2 , that the vacuum does not respect this symme- 
try: 



i? 2 K ^ K, 



(87) 
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that is, we have 



K 2 ^0. 



(88) 



An acceptable theory must have a physical vacuum 
which breaks SU(2)l x U(1)y down to U(l) em . In this 
case the vacuum expectation values of the Higgs doublets 
may be parametrised by 



{<P2 





v 2 e 



(89) 



Here i>i,i>2>C are rea l numbers with Vx > 0, v 2 > 0, 
— 7r < £ < 7r, and a possible phase of (y>i) has been elim- 
inated by a J7(l)y gauge transformation. The standard 
Higgs vacuum expectation value is 



246 GeV. 



(90) 



For v\ the usual mixing parameter tan /3 can be 
defined as tan /3 := i^/fi with < (3 < ir/2. The vacuum 
expectation values of the gauge invariant functions are 
determined from ([gg ]) -([7D ]) with (JHSJ) as 



K 



2v-\V 2 cos C, 
2v\V 2 sin£ 
V v? - vl 



(91) 



From ([88]) we find the well known result that CP S is vi- 
olated spontaneously if and only if v\ ^ 0, v 2 7^ 0, ( 7^ 
or 7r. That is, the vacuum expectation values of the two 
Higgs fields in this special basis must be complex relative 
to each other. We note, however, that this statement has 
no basis-independent meaning. Concerning a detailed 
discussion of this point see also 16]. By a suitable ba- 
sis transformation we can always achieve that only one 
Higgs doublet has a non-vanishing vacuum expectation 
value which, moreover, is real. See chapter 6 of Q. 

At the end of this chapter we make some general re- 
marks concerning the parameters of the THDM poten- 
tial (see (HU), ([M])). From ([72]) it looks tempting to re- 
place £ by the stationarity condition with K given in (|9"T]) 
(and vi eliminated by means of ([9"0]) ): 



£ = £ (v ,v 2 ,C, m H ±,?7oo, ri,E). 



(92) 



With this the potential can be reparametrised in terms 
of vq, v 2 , C, m H ± , 7700, "H, E. With this set of independent 
input parameters, vq can be adjusted to the required 
value (|90p . and relations involving the vacuum solution, 
such as the CP invariance conditions (|63 p - ([Mj) . can be 
evaluated directly in terms of input parameters. Note, 
that this parametrisation ([9"2"]) is possible for all potentials 
having a non-zero stationary point K on the light cone. 
A potential not having such a point can not have the re- 
quired EWSB behaviour. After the substitution ([92]) the 
four-vector K in (|91|) corresponds by construction to a 
stationary point of V. Thus, the parametrisation ([9"2"]) is 



possible for all potentials with a stationary point at the 
wanted place (|9ip . But for any concrete values of the new 
parameters it remains to be checked whether K in ([9"T]) is 
indeed the global minimum of a stable potential V. This 
typically requires to make the complete analysis of sta- 
bility and EWSB for V, for instance with the methods 
of [4| . Note that in the gauge invariant function approach 
this change of parameters is even possible for the cases 
where the phase £ or one of v\, v 2 vanishes. 



5. EXAMPLES 

Here we apply the general considerations of Sections [3] 
and 0] to specific models. 



5.1. CP symmetric model with £ = r\ = 

We consider the THDM with the Higgs potential 
V(<pi, tp 2 ) = m\ x (y\(px + <p\<p 2 ^ 

+ ^1 (Vi</>i) 2 + (4^) 2 ) 

+ a 3 (<4^i)(v? 2 ^ 2 ) + -M^i^X^i) 

+ ^5 (Vi^ 2 ) 2 + {Avif) , 

where all parameters are real. This potential is invari- 
ant under ipi — ► —<p\- We put the potential into the 
form (TT4"]) using the relations ([TT]) . Then, 

??oo = t(Ai + A 3 ), 




A 4 + A 5 
A 4 - A 5 





(94) 



Obviously this model fulfills the conditions of theorem [2] 
that is, has a CP g symmetry of type (%). Further- 
more, the potential has at least three CP g symmetries 
of type (m), namely R±, R 2 , R3, and infinitely many if 
two or three eigenvalues of E coincide. Note that the 
condition £ = r] = is basis independent. This in turn 
means that every potential with £ = r\ = can be cast 
into the form ([9"3"]> respectively ([M]) with an appropriate 
basis transformation. 

We see from theorem [5] and the discussion in ap- 
pendix[B]that this model is stable in the strong sense if si- 
multaneously Ai > 0, A1 + A3 > and A1 + A3 + A4 > | A3 1 . 
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Moreover, it has the right electroweak symmetry break- 
ing behaviour for £ < or equivalently m\ 1 < 0. In 
the case of m\i < the CP g symmetry of type (i) is 
spontaneously broken. However, at least one CP g sym- 
metry of type (ii) is respected by the vacuum; see also 
appendix O 



5.2. CP properties of the "almost general" THDM 

We consider a class of THDMs with the Higgs potential 

V((pi,(f 2 ) = m^iflipi + m 2 22 ip\ip 2 



m\ 2 ip\ip2 + h.c. 



+ l -\M^f + \U4V2? (95) 

\^{f\f2f + h.c. 



written in the parametrisation of |24j |. where m 2 2 and 
A5 may be arbitrary complex and all other parameters 
are real. This potential breaks the discrete symmetry 
ipi — ► —tpi only softly, that is by quadratic terms in 
the Higgs doublet fields, thus suppressing large flavour- 
changing neutral currents. We put the potential into the 
form (fl4j) using the relations (fTTj) and get here 



; (A 1 +A 2 + 2A 3 ), 




E=~ 



£0 



A4 + Rc A5 — Im A5 
— Im A5 A4 — Re A5 








;(Al + A2 — 2A3 



Re m? 



Im toj 



l 22) j 



(96) 



The stability of the potential is easily investigated using 
the methods of [4j . Stability is guaranteed by the terms 
quartic in the fields alone if and only if 



Ai > 0, A 2 > 0, and VAi^2 + A 3 > max(0, |A 5 |-A 4 ). 

In order to determine the CP properties of the potential 
we have to check (|6"3")) - (|(36")) . Two of the conditions for 
CPg type (ii) invariance of the potential, (|6"4")l and (f6"6]) . 



are, with (|96p . automatically fulfilled. The remaining 
conditions and (f6"5)) give 



(A1-A2) Im((m? 2 ) 2 A;) =0, (98) 

(A 1 + A 2 -2(A 3 + A 4 )) 2 -4|A 5 | 2 

x (to 2 ! - to 2 2 ) Im ((to 2 2 ) 2 A^) = (99) 

as necessary and sufficient conditions for the existence 
of a CPg invariance of type (ii) for the potential. It is 
obvious that for the case of real parameters m\ 2 and A5 
and are satisfied. For £ x rj we find from (|§B"|) 



£xr,= -(A 



1m(m 2 



A, ) j Re(TO 2 2 ) 



(100) 



From theorem [3] ff. we find, therefore, that in this model 
the potential allows one or more CP g symmetries if and 
only if (J98J and (|99|) hold. There is exactly one CP g 
symmetry if Ai — A 2 ^0 and m\ 2 ^ 0. 

In the case CP g is conserved, that is (|98|) . (|99]) 
are fulfilled, CP g may be violated spontaneously. We 
reparametrise the potential using the stationarity condi- 
tions |74p , ([75)1 and assume that the vacuum expectation 
values Vi, v 2 together with the phase ( indeed describe 
the global minimum (|9"Tj) of the potential. We check the 
conditions for spontaneous CP g violation ([5T|) - ([55|) and 
see that is automatically fulfilled. We find that (fSTj) 
and l]82p together with ([98]) and (|99|) are equivalent to 
the condition that either 



v lV2 [cos(2C) Im A 5 + sin(2C) Re A 5 ] = 



or 



Ai = A 2 , (v\-vl) (A 3 + A 4 -A 1 ) 2 -|A 5 | 



(101) 





(102) 



or both are fulfilled. That is, exactly if ([TOT]) or (fT02|) or 
both are fulfilled, there is a CP g symmetry of both the 
potential and the vacuum expectation value K. 

6. CONCLUSIONS 

In this work we have shown that the framework of 
gauge invariant functions is well suited to discuss CP 
properties of the general THDM. These real gauge invari- 
ant functions build a four-vector for which we could re- 
veal a simple geometric picture: Mixing of the two Higgs 
doublets corresponds to rotations and CP transforma- 
tions to reflections of the space-like components of this 
four- vector. 

In this geometric picture we have first given a classi- 
fication of possible CP transformations in the THDM; 
see section [3] The standard CP transformation involves 
no mixing of the two doublet fields and corresponds to a 
reflection on the 1-3 plane. We identified two types, (i) 
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and (ii), of generalised CP transformations where arbi- 
trary unitary mixing of the two doublet fields is allowed. 
The type (i) CP g transformation is represented by a point 
reflection and has, to our knowledge, not been discussed 
before. We gave conditions for a theory to be symmet- 
ric under this transformation in theorem O Type (ii) 
CP g transformations correspond to reflections on planes 
and include in particular the standard CP transforma- 
tion. In theorem [3] we gave simple and easy to check 
conditions the parameters of the THDM potential have 
to satisfy if the Higgs Lagrangian is to be invariant un- 
der a CPg transformation. We also gave a classification 
showing which THDMs allow for just one CP g symmetry 
and which for more than one; see table [J in appendix [Cl 

In section|4]we turned to the question whether in a CP 
symmetric theory the vacuum respects the symmetry or 
not. We derived necessary and sufficient conditions for 
this to be the case. Again, the conditions to be checked 
are in all cases simple and have a transparent geometric 
meaning. See theorems I4H71 and (f87j). (|88|) . We emphasise 
that a THDM can have more than one CP g invariance 
where one may be spontaneously broken while another is 
conserved by the vacuum. This is again a crucial clement 
for the discussions in the companion paper [23| . 

In section [5] we have illustrated our geometric methods 
with two examples, namely the most general model re- 
specting the CPg type (i) symmetry, as well as a model 
where large flavour-changing neutral currents are sup- 
pressed. 

We compared our results with the literature for cases 
where this is possible. Concerning the existence of a CP 
type (ii) symmetry, our results fully agree with those of 
[la . fl4j | , where a completely different approach was used. 
For the existence of a CP type (ii) symmetry of the po- 
tential we agree with [l5j . But our criteria for CP invari- 
ance of the vacuum give important supplements to those 
presented in fl5j |. 

As mentioned above we have introduced and discussed 
in our present paper as completely new element the CP g 
symmetry of type (i) . Furthermore we have given a thor- 
ough discussion of the cases where multiple CP g trans- 
formations are allowed by the theory. All these new ele- 
ments are essential ingredients for our companion paper 
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APPENDIX A: BASIS INDEPENDENT 
CONDITIONS FOR CP g TYPE (ii) INVARIANCE 
OF THE POTENTIAL 

In this appendix we complete the proof of theorem [3] 
by showing that the existence of a basis (|62|) . meaning 



CPg type (ii) invariance of the potential (see (I53p ). is 
equivalent to (fol^ - lp)!)]) . 

We show first that (|62|) implies (|63|) - ([66| . Indeed we 
have for rj' and E' as in ([62]) 



e'xV 



ST = o , 



E'r,' = , (A.l) 



'CP 



rj' x E'r)' 



J V°7 

Furthermore, for any vector £j_ with 2-component zero, 

(A.2) 
we have 



E'Cx = 



Thus, for all vectors Cii of the form 



(A.3) 



we have 



CjE'C_ 



0. 



(A.4) 



(A.5) 



All expressions ([63 |l -(|66 ]) are of the form (jA~5|) if (62]) 
holds. The conditions are formulated in a rotationally 
invariant form. Thus, they hold for r,, E if they hold 
for rj', E', q.e.d. 

Now we want to show that from (I63 |) - (f66|) follows (|62|) 
with a suitable rotation R(U). First we choose a basis 
where 



r,'=R(U)n 




(A.6) 



Note that there is always a rotation into this basis pos- 
sible for two vectors. It remains to be shown that in 
addition rf 12 = ri 23 =0 can be achieved if (|63)) - (l66|) hold. 
We remark that E is a symmetric matrix (see (fl4| ) and 
this property is not altered by a similarity transforma- 
tion (f2"Tj) . We have to consider different cases depending 
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on whether the vector cross product 







C x r/ = | f^i 



(A.7) 



vanishes or not. Let us first assume that the vector cross 
product (|A.7j) does not vanish, that is, we have £,' 3 r)[ ^ 0. 
From (|63p we find now 

(£'xt/) T £'£' = ^ 3 ^i=0. (A.8) 

This means that 7723 = V32 = 0- Then ([M]) gives 

(£' x r/) T £' f|' = r? 21 C 3 < = 0, (A.9) 

that is, we have also ?y 2 i = ? ?i2 = 0- Thus, the explicit 
form (|62|) follows from (f63|) - (f66|) for this case. 

Now we have to consider also the special case of a van- 
ishing vector cross product (|A.7[) . In this case ([6"3"]) and 
are trivially fulfilled and give no constraint for the 
matrix E' . We shall now use ([65]) and ([66]) to prove ([62)) . 
If £ x 77 = and £ = and 77 = we can achieve ([62]) 
trivially by diagonalising _E. Thus, consider the case that 
£ x r/ = and £ 7^ 0. By an orthogonal transformation 
we can diagonalise E: 

R{Ux)ER T {Ux) = E' = diagOm,/^,/^). (A.10) 

We get then in this basis already rj' 12 = V23 — 0- Further- 
more, we have 




? X = ( (Ml - Ms)^ , 

>2-Mi)a 2 / 



(All) 



and from (|65 



(£'x (£'£')) = 

(Ml - M2)(M2 - M3)(M3 



Ml)£i^3 



0. (A.12) 



If all eigenvalues /J, a are different we find from (|A. 12|) 
that at least one £' a must be zero. By a change of basis 
which interchanges the components we can achieve £ 2 = 
without introducing off-diagonal elements in E'. Then rj' 
being parallel to implies rj' 2 = and we found a basis of 
the form ((62)) . Suppose, on the other hand, that at least 
two eigenvalues y, a are equal. Without loss of generality 
we can suppose 



Ml = A*2- 



(A.13) 



By a rotation around the 3-axis, leaving E' diagonal, we 
can then achieve 



(A.14) 



and also ry 2 = since 77' is parallel to q.e.d. For the 
case £ x r\ = and rj ^ the argumentation runs along 
the same lines using (|66| instead of (|65p . This completes 
the proof that the set of the conditions (p33"]) - ([6"6"]) is equiv- 
alent to the existence of a basis satisfying ([62]) . 

We compared our conditions ([6"3"]) - ([6"6l for CP invari- 
ance of the potential with (23)- (26) inQ. In Q the 
conditions were found by a systematic survey of all pos- 
sible complex invariants - and there is an enormous num- 
ber of such invariants - within a field based formulation, 
that is, in a completely different way. Our triple prod- 
ucts required to vanish in (p)3")) , (1M]) . and (|M|) turn out 
to be equal to — 2~ 5 I 2 Y2Z, 2~ 7 Iy3z, and — 2~ 13 I 6 z in 
their notation. Despite the fact, that the fourth invari- 
ant occurring in [14| and our condition (|65[) arc different, 
we can show that the full sets of conditions are equiva- 
lent. This is conveniently done by computing the reduced 
Groebner bases for both sets which are indeed equal (for 
a brief introduction to the formalism of Groebner bases 
see the appendix of [281]'). 



APPENDIX B: THEORIES WITH 
CP g TYPE (z) INVARIANCE 

Here we study the theories having a CP g invariance of 
type (i) in detail; see theorem^ ([6H[) . The corresponding 
potential is given in {75}. 

We show first that the transformation ([51]) of the fields 
is unique, up to gauge transformations, in giving the CP g 
type (i) transformation for the gauge invariant functions: 



(B.l) 



K (x) -» K (x'), 
K(x) -> -K(x'). 

To see this we try to generalise ([M[) by setting 

CP 

<f>{x) —A Ve(()*(x') (B.2) 

with V £ U(2). Every V £ U(2) can be represented as 

V = e^V (B.3) 

with 7 real and V £ SU(2). The transformation of K(x) 
and Kq(x), K(x) induced by ()B.2[) reads (see ([37]) and 



K(x) ^VeK T (x')e T Vi 
=VeK T (x')e T V^ 

=V^(K (x')l 2 -K(x')cr)V^ 



(B-4) 



K (x) 
K(x) 



CP, 



CP K 



K (x'), 
-R(V) K(x'). 



(B.5) 
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Here R(V) is obtained from ([19)) with U replaced by V. 
In order to obtain the CP g transformation of type (i) 
from (IB. 51) we must have 



which implies 



R(V) 



V = ±l s 



(B.6) 



(B.7) 



since V € SU(2). From (|B.2j) and (|B.3[) we get, therefore, 
as the only possible transformations of the fields leading 
to a CP g transformation of type (i) 



(j){x)^e^e <f>*(x'), 



(B.8) 



where in the case V = — 12 we have redefined 7 as 7 + tt. 
Both Higgs doublets have weak hypercharge y = +1/2. 
Thus a gauge transformation Ug = cxp(— 217 Y) brings 
back (|B.8[) to the form ([Ml) 

^)^e' 7 ef(i')^ffM> (B.9) 

as we asserted. 

We note that our arguments are valid in any basis. 
Thus, the transformation (|5l)l has the interesting prop- 
erty of being the same, independently of the choice of 
basis. This holds again up to gauge transformations. 
We can also see this directly from (jUjl - tHHl) . We start 
from (154")) and make a basis transformation (14"T)) with 
U 6 U(2). Then we get from (J44J) with U v = e 

(B.10) 

We can decompose U as 

U = e^l' 1 !] (B.ll) 
with 7 real and U £ SU(2). For any U £ SU(2) we have 

e T Ue = U*. (B.12) 
Inserting this in (|B.10[) we get 



U' v = UeU*- 1 . 



U' v =e i ~<U e U*- 1 
=e 11 e e T UeU*- 1 



=e* 7 e U*U 



*-i 



(B.13) 



For the discussion of the stability of the theory we have 
to consider the function f(u) (see (55) of [1]) and the set 
/ of u values defined in (70) of [H ■ Here we find 



f(u) = u + 7700, 
/» = 1, 

I = {0, ^1,^2,^3} • 



(B.16) 



(B.17) 



Now we go through the criteria spelled out in theorems 1- 
3 in Q which tell us when the theory is stable and has 
the correct EWSB behaviour. In view of theorem 1 of Q 
we see that stability in the strong sense requires 



/(0) = 7700 > 0, 

/(/Z a ) = V-a + V00 > (a =1,2,3). 



(B.18) 



If 7700 = or \i a + i] 00 = for at least one a g {1, 2, 3} 
we have to consider the function g(u), see (72) of |4|. 
Here we get 



l(u) = Co- 



(B.19) 



Stability in the weak sense requires then £0 > 0, marginal 
stability £0 = 0. On the other hand, we have from (117) 
of [J] the necessary condition for EWSB £0 < |£| which 
gives here 



Co <0. 



(B.20) 



Thus we find that a potential ([78)) being stable in the 
weak sense or only marginally stable cannot have the cor- 
rect EWSB. In other words: in an acceptable theory of 
this kind the potential parameters must satisfy (|B. 18|) 
and (jB.20[) . This already proves the first three rela- 
tions ([50]) of theorem (5j 

Next we study the stationary points of V, ([75| . us- 
ing the four-dimensional notation ([2"3")) - (|25[) . The con- 
straints (j22[) on the gauge invariant functions read 



(B.21) 



K(x) 1 gK(x)>0, K (x)>0, 



with g given in ([75| . For the potential (|78[) we have, 
with poo)) and CEE}, 



£0 <o, 



(B.22) 



Again, the factor exp(«7) just represents a gauge trans- 
formation. With this we have shown directly the basis 
independence of the CP g transformation of type (i) given 
in ([M]). 

We go now to a basis where E is diagonal, 



E = diag(/Ji,^ 2 ,Ai3) 



with the ordering 



fJ-i > ^2 > fJ-3- 



(B.14) 
(B.15) 



E = diag(?7oo,Aii:M2,M3) 



(B.23) 



The point K = is always a stationary solution. We 
now check for the non-trivial stationary points. In the 
interior of the forward light cone, the stationary points 
of V are obtained from (91) of [J, 



K T gK > 0, 
K > 0. 



(B.24) 

(B.25) 
(B.26) 
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From (|B.24p we get here 



These occur for 



It follows that 



1 



2?7oo 







m = - 


-u„ a £ -IT 2 31 


o, 


(B.27) 


Indeed, setting u = - 


-/U^ we find from (|B.34|) 


0. 


{Voo 




0. 




+ M3)^o = ~i;€o, 






(Mi 


- M3 )^i = o, 








- ^)K 2 = 0, 


- &>) > o. 


(B.28) 




• K 3 = 0. 



(B.39) 



(B.40) 



Thus (|B~26)) is already fulfilled. If 

det£ = ^1/^2^3 ^ 0, 



(B.29) 



the only stationary point in the interior of the light cone 
is, therefore, 



K 




(B.30) 



For det E = we have regions of stationary points ex- 
tending from the solution (1B.30|) to the light cone. 

A vacuum with the required EWSB must lie on the 
forward light cone. We now study all stationary points 
in this part of the domain, see (96) of Q: 



(E-ug)K = -~l 
K T gK = 0, 



K > 0. 
From (|B.3ip we get 



(B.31) 

(B.32) 
(B.33) 



1 



(Voo - u)K = -gfo, 
(/ii + u)Ki = 0, 
(p 2 + u)K 2 = 0, 
(/i 3 + u)K 3 = 0. 



(B.34) 



For the functions f(u) and f'(u), (102) and (103) of g[, 
we find 



/(«) 
/'(«) 



1 e 2 



4 r?oo ~ u 
1 ^o 2 



4 (?7oo - uf 



(B.35) 
(B.36) 



Now we use theorem 2 of [J] to discuss the stationary 
points of V . Since we have here always 



f'(u) < 



(B.37) 



there are no solutions of type (I la). But there are solu- 
tions of type {lib), that is, solutions with 



det{E - ug) = 0. 



(B.38) 



A solution of (|B~40)l which also satisfies (|B~32f and (|B~33"1) 

is 



K = K 3 = 



VOO + ' 



K 1 =K 2 = 0. 



(B.41) 



In fact, any solution of (|B .40|) which respects (|B.32|) and 
(|B.33[) can be brought to the form (|B.41[) by a suitable 
basis change. This holds, in particular, if there are de- 
generacies of the eigenvalues /ii,/xa with fi 3 . 

Of course, we can have solutions of (|B.31|) - (|B.34[) anal- 
ogous to (|B.41[) for u = — /ii and u = — [i2- For val- 
ues u ^ {— (ii, — /i2, — A^} there are, clearly, no solutions 
of (|B.31|) - (|B.34[) . Now we remember the ordering of the 
eigenvalues chosen in (|B.15|) . The solution of (|B.31|) - 
(|B.34I) with the largest Lagrange multiplier uo is, there- 
fore, given in (|B.41[) , corresponding to 



M 



-M3- 



(B.42) 



According to theorem 3 of Q the theory has the correct 
EWSB and no zero mass charged Higgses if and only if 



M 



M3 > 0. 



(B.43) 



The vacuum solution is then given by (|B.41|1 . We know 
from the results of [4] that this gives indeed the lowest po- 
tential value. Here it is also straightforward to check di- 
rectly that for instance the stationary point (|B.30[) in the 
interior of the light cone gives a higher potential value. 

Finally, it is clear that the solution (|B.4ip violates the 
CP g symmetry of type (i) spontaneously, since 



K ^ K. 



(B.44) 



With (|B~T8)) . (jB~20|) and (jBT43|) . (|B~44)) we have com- 
pleted the investigation of the stability and EWSB be- 
haviour of THDMs with CP g invariance of type (i) and 
proven theorem [5l 



APPENDIX C: BASIS INDEPENDENT 
CONDITIONS FOR THE ABSENCE OF 
SPONTANEOUS CP g TYPE (ii) VIOLATION 

In this appendix we complete the proof of theorem [5] 
by showing that the conditions (f6"3"|) - ([6"6"]) for the potential 
parameters together with the conditions (|8"Tj) - ([53")) for the 
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vacuum expectation values are equivalent to the existence 
of a basis with 



£2 = 0, 



K' 2 



V12 
0. 



V23 = o, 



(C.l) 
(C.2) 
(C.3) 



Conditions (|C.l|) - (|C.3j) guarantee the existence of a CP g 
type (ii) invariance of both the potential and the vacuum 
expectation values; see section [4721 

We note first that (CTT]) - (jC3]) imply (JMJ)- (EU) , see ap- 
pendix[2] as well as (5T]) - ([53"]) . as can be seen immediately 
by direct insertion. 

Now we show that from (63])- (66]) and (8i" ]) -([83] ) the 
existence of a basis satisfying f|C lj> - (|C3[) follows. We 
show this in two alternative ways. The first proof reveals 
the number of geometric reflection symmetries for the 
different cases. The second proof is more formal but also 
much shorter. 

We discuss first the trivial case that the potential pa- 
rameters satisfy ([6"3"]) - ([6"6"]) and the vacuum expectation 
value is the zero four- vector K = 0. Then (f8T]) -(l83 |) are 
also trivially satisfied. From theorem [3] we see that we 
can go to a basis where (|C.1[) and (|C.2[) hold. Since K = 
in our case we have also K' 2 — 0, q.e.d. 

Thus we can turn to the case that K^O which im- 
plies K ^ 0; see ([2"2"]l . Then K fulfills the stationarity 
condition (see (91) and (96) of 0]) 



(C.4) 



i = -2[E-ug\K 



where u may be zero. For a theory with the correct 
EWSB we have u — u = m 2 H± / (2vq), see ([72]) . but here 
we keep the discussion general and do not assume this. 
In components we get from (IC.4I) 



Co = -2( mo K - uK + rj T K), 
£ = ^(EK + uK + KqT]). 



(C.5) 



Consider now a potential with parameters satisfy- 
ing ([63]) - ([66]) . We may then choose a basis with r/' 
and E' of the form (I62|) by theorem [3] With a suitable 
rotation in the 1-3 subspace we can diagonalise E' . Then 
we have 




E' = diag(/ii,^ 2 ,M3), 

(C.6) 



€' x E'i' = I (Ml - Is)^ 
rj' x E'r]' = I (mi - H3W1 is 



(C.7) 



(C.8) 



(C.9) 



In the basis of ([CT6]) we fulfill already ([CH]) and ([02]) . 
It remains to be seen that also (|CJ.3[) holds in this basis. 
Let us first consider the case 



(a) £ x t? ? : 

This implies, of course, x rj' ^ 0, that is, 

tWi - * 0. 

If now ([8T]) holds we get immediately 



(£'xr,') T K' = 

0. 



(CIO) 



(C.ll) 



Furthermore, we find from ([C78]) . ([C79]) and ([CTTT]) 
that l|82p and ([83]) are automatically satisfied. We sum- 
marise this case. If £ x 77 7^ the only possible CP g 
type (ii) symmetry is the reflection on the plane spanned 
by £ and r\ (see section[3]) and this symmetry is respected 
by the vacuum if and only if ([8T]) holds. In this case ([8T]) 
implies also ([82]) and ([83]) . This proves the case (a) of 
theorem [6] 

Next we consider the case 

(6) i x T? = : 

Then (HJ) is trivially fulfilled. Suppose first that £ ^ 0. 
Then r) is proportional to 



(C.12) 



For the case of linearly dependent vectors K and £ we 
have in particular in the basis defined by ()C.6|) K' 2 = 
and (|C.3[) is proven. So we may assume in the following 
that K and £ are linearly independent. Now we distin- 
guish various subcases. 

(6.1) £ x E£ ^ : 

The only reflection plane for a symmetry of the potential 
is spanned by £ and E£ in this case. We get from (|C.8[) 



(Mi -Ma) ^3 7^0 



and from 

(Mi-M3KiM=0. 
This leads to Ki>=0, q.e.d. 
(6.2) £xE£ = Q : 
In this case we have 

(Mi -Ms) ^3 = 0- 



(C.13) 
(C.14) 



(C.15) 



Now we distinguish the different cases for the eigenvalues 
of E. 
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(6.2.1) fix, fj,2, M3 a ll different: 

We get £[t;' 3 = 0. If, for instance, £,[ — the theory has 
two reflection symmetries namely in this basis R\ and R 2 
(see (jST])). From (|C.5|) we have 



= -2(pn+u)K[, 
= -2(/j 2 + u)K' 2 . 



(C.16) 



Since we consider here fix 7^ /i 2 we must have either 
K[ = or JsT 2 = 0. That is, at least one of the reflection 
symmetries R\ or R 2 is conserved by the vacuum. In 
case K[ = we can by a change of basis interchange the 
1'- and 2'-components and in this way achieve K 2 = 0, 
q.e.d. For £3 = the argumentation is analogous, involv- 
ing Ri and R3. 

(6.2.2) fix = fi 2 ^ fi 3 : 



We get again from (|C.15|) Cxt'3 = 0. For £'3 = the argu- 
mentation is as in (6.2.1). For £ 3 7^ and = we may 
perform a rotation around the 3'-axis such that K 2 = 
q.e.d. Note, that E' is not affected by this rotation since 
Mi = A*2 ■ I n this case we have reflection symmetry on 
every plane containing the 3'-axis, in particular on the 
plane spanned by and K'. The reflection symmetry 
on this plane clearly is conserved by the vacuum. 

(6.2.3) fi 2 = fi 3 ^ fit : 

The argumentation is analogous to the case (6.2.2). 

(6.2.4) fix = fi 3 ^ fi 2 : 

We can, by a rotation around the 2'-axis, leaving E' di- 
agonal, achieve (,[ — £ 2 = 0, £ 3 7^ 0. Here R\ and R 2 are 
reflection symmetries. Then (|C.5I) gives 



= (fix + u)K[, 
= {fi 2 +u)K' 2 . 



(C.17) 



Thus, either K[ or K' 2 must be zero. In case K[ = 
we can by a change of basis interchange the 1'- and 2'- 
components and in this way achieve K 2 = 0, q.e.d. 

(6.2.5) fix = fi 2 = fi 3 : 

There is reflection symmetry on all planes containing £ , 
in particular on the plane spanned by £' and K'. This re- 
flection symmetry is obviously unbroken by the vacuum. 
This proves theorem[S]for the case (6) if £ 7^ 0. For rj 7^ 
everything runs analogously using (|83[) instead of 



(6.3) £ = 77 = : 

In this case we have CP g invariance of type (i). There 
are then at least three CP g type (ii) invariances. We 





parameter conditions 


number of CP g type (ii*) 






reflection symmetries 


(a) 


1 X77/O 


1 


(b) 


P x n — 
s A '/ — u 




(6.1) 


i + 0, i x Ei ± 


1 




77 / 0, if x Erf 


1 


(6.2) 


| / 0, £ x = or 






77 / 0, rf x £77 = 0, 






eigenvalues of E: 






Ml, M2, M3 




(6.2.1) 


Mi, M2, M3 an different 


2 


(6.2.2) 


/^l — p-2 7" P'o 


2 or 00 


(6.2.3) 


M2 = M3 / Mi 


2 or 00 


(6.2.4) 


Mi = M3 7^ M2 


2 


(6.2.5) 


Mi = M2 = M3 


(X) 


(6.3) 


€ = 0, 77 = 0, 






Mi, M2, M3: 






all different 


3 




at least 2 equal 


(X) 



TABLE I: The CP g type (ii) transformations are described by 
reflections on planes. The table lists the number of these sym- 
metries for a potential satisfying (|63[l - (|66[ l depending on the 
different cases for the parameters. The vacuum is invariant 
under at least one of the symmetries if and only if (|81[) - (183l ) 
hold. The numbering of the eigenvalues fix, fi%, ^3 of E is 
chosen such that fi2 = 7722 in a basis where €,' , rf' and E' have 
the form (l62l. 



have here from (IC.5 



Q=( Pl +u)K' 1 , 
0=(fi 2 +u)K' 2 , 
0=(H3 + u)K' 3 . 



(C.18) 



If not all fi a are equal this implies that at least one 
K' a = (ae {1,2,3}). By a change of basis we can al- 
ways achieve that K 2 = 0, q.e.d. If fix — fi 2 = fi3 we have 
reflection symmetry of the potential on any plane. The 
reflection symmetries on all planes containing K' are re- 
spected by the vacuum. This completes the first proof of 
theorem [6] 

From the detailed discussion above we also found the 
number of independent reflection symmetries, that is, 
type (ii) CP g transformations, which occur for the vari- 
ous cases. This is summarised in table|T]where it is always 
supposed that the potential parameters satisfy (f6"3"|) - (f6"6")) . 

Now we present an alternative and more formal proof 
that from (|6"3"|) - (f6"6")) and Q8i p -(|83 p the existence of a basis 
satisfying (|C.l[) - (|C.3p follows. For the stationary point 
K = 0, which leaves the electroweak symmetry unbroken, 
the proof is trivial. We shall now prove the statement 
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for all other stationary points, in particular for solutions 
with the required EWSB. We will use the fact that any 
stationary point K^O fulfills a stationarity condition of 
the form (|C.5[) with a specific value of u. As a preparation 
we first show that certain additional invariants vanish. 
Replacing £ in ([81]) via the stationarity condition (IC.5P 
we find 



This implies 



(77 x (EK)) L K = 0. 



(^(BK)) 1 K = 0, 



(C.19) 



(C.20) 



which can be seen by replacing £ via (|C.5[) . Next we show 
that 



(V x K = 0. 



(C.21) 



If -q and K are linearly dependent, (|C.2ip follows imme- 
diately. In the other case we replace £ in (|C.2ip by a 
linear combination of r] and K, which is possible by (f5Tj) . 
Using (83]) and (fCTT9|) . (jC3T|) follows. Similarly we find 

(£ x (Erj)f K = 0, (C.22) 

using dSTJl, and fCT20]) . The relation 

(EK x (^)) T K = (C.23) 



follows after substitution of EK. via (|C.5[) from ([82]) and 
(1CT2T]) . Similarly we find 

(EK x (^r/)) T K = (C.24) 

using (jCl)]) . PI) and f(X22]) . We find 

(K x (£K)) T £ 2 K = (C.25) 



by replacing £;K in the term E 2 K via (|C.5[) since (|C.23|) 
and ([CT24]) hold. 

In the case that £ and r) are linearly independent, we 
may choose a basis of the form ([r?2"]) by theorem [3] From 
(|5T|) follows immediately that we have K 2 = in this 
basis. 

In the case that £ is a multiple of 77 we note that 
(ICT91) . (fCT25l) and 



(C.26) 



(K x t?) t EK = 0, (K x (£K)) T E 2 K = 0, 
(K x »7) T Er/ = 0, (77 x (Er])) T E 2 r) = 0, 



are equal to the explicit CP conservation conditions 
(pp| if we replace £ by K in the latter. Using the proof 
of theorem [3] we find that there is a basis with rj' 2 = K' 2 = 
V12 = V23 = an( l thus also £2 = 0. 

In the case that r/ is a multiple of £ we use ([52"]) , (|C.20[) , 
([CT25]) and flM]), 

(KxO T ^K = 0, (K x (EK)) T E 2 K = 0, 
(K x £) T ^ = 0, (fx (££)) T = 0. 



Replacing 77 by K everywhere in the proof of theorem [3] 
we see that we can find a basis with £ 2 = K 2 = T]' 12 = 
?7 23 = and thus also rj 2 = 0. This completes the second 
proof of theorem [S] 

We compared our conditions ([8Tj) - (|83p for absence of 
spontaneous CP violation with those of theorem 4 in [3] ■ 
The triple product in (fSTj) equals — (v/2) 4 lm J\ in their 
notation, the other invariants in [14| and our conditions 
have no one-to-one correspondence. However, we find 
complete agreement between our conditions for absence 
of spontaneous CP violation and those of [l4| taking into 
account the respective full set of equations, that is, in- 
cluding the explicit CP-conservation conditions and the 
stationarity equations. This equivalence may be obtained 
via Groebner basis computations. Note however the com- 
ment in section [4T2l after theorem[5Jthat "absence of spon- 
taneous CP violation" is not quite an appropriate formu- 
lation. From the discussion of the case (b) above and from 
table [I] we see that, indeed, a theory can have more than 
one CP g type (ii) invariance. One of these symmetries 
is always respected by the vacuum if ([5T|) - ([55)) hold, but 
at the same time others may be broken spontaneously. 
We also compared our conditions (f5T]) - (j55|) to the corre- 
sponding conditions a)-c) in [1 51 ] and find agreement up 
to ([53"]) , which is not contained in the latter set of crite- 
ria. The condition c) of [H[ is no further restriction since 
it is automatically fulfilled by the stationarity condition; 
see (|C.20p . Further, we do find examples where omitting 
([8^|_ matters. that is examples satisfying the conditions 
of [l5( but having spontaneous breaking of all CP sym- 
metries of the potential. 

Let us now come back to Tab. Q] and the cases of mul- 
tiple CP g symmetries of type (ii). Suppose we have in 
a theory two invariances of this type denoted by CP^ 4 ' 



and CP 



(a) 



Then the product S = CP^° o CP^ } is a 



conventional Higgs flavour symmetry. Indeed, from the 
field transformation (|4"2"]) we get 



CP'"' „ , 

(x) ► U v 4> (x ) 



CP 1 "' 

(x) — i— U'<j>*(x') 



and 



4>(x) ^ U"(j)(x) 



with u" = u' v u;. 



(C.28) 



(C.29) 



Here U v , U' v and U" are all elements of U(2). Thus 
we see that in the cases of 2,3 or an infinite number of 
CPg transformations of type (ii) as listed in Tab. U there 
is a corresponding number of Higgs flavour symmetries. 
The possibility of a discrete ambiguity in the definition 
of a generalised CP transformation as a symmetry of the 
theory was also noted in [14| . 

Finally we discuss further the relation of the CP g sym- 
metries of type (i) and (ii). Let us consider the generic 
case of a theory where the Lagrangian is invariant under 
the type (i) transformation, that is the case (b.3) from 
Tab. [T] with /ii, fi 2 , /13 all different. As we have shown 
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in appendix [Bl the CP g transformation of type (i) of 
the fields is given in any basis by (|5^|) . Clearly, we can 
consider this as product of the standard CP S transforma- 
tion l|27p and the Higgs flavour transformation induced 
by e 



(p 2 (x) 



-<pi(x). 



(C.30) 



But note that in a given basis neither this CP S nor the 
transformation (|C30|) will in general be symmetries of 
the theory. On the other hand we see from Tab. Q] that 
a theory with CP g invariance of type (i) automatically 
has three CP g invariances of type (ii). The latter are 
the reflections on the coordinate planes in K space only 
in the special basis where E is diagonal. There are also 
three corresponding discrete Higgs flavour symmetries of 
the type of a product of the CP g symmetry of type (i) 
and one of type (ii). But this should be considered as 
a finding a posteriori which is valid for the Higgs sector 
of the theory taken in isolation. In the companion pa- 
per [23j we find that for the complete theory, that is, the 
theory including fermions, the CP g symmetry of type (i) 
does in general not automatically imply invariance under 
the above mentioned CP g transformations of type (ii). 
Thus, both from a conceptual point of view and from ex- 
ploring physical consequences, the CP g transformations 
of type (i) and (ii) should be considered independently 
for their own sake. 



APPENDIX D: THEORIES WITH 
CPg TYPE (ii) INVARIANCE 

Here we study the stability and EWSB behaviour of 
models having a CP g symmetry of type (ii). Accord- 
ing to the discussion in section I3~21 we can then go to a 
basis (|62|) where E' is already partly diagonalised. By 
a change of basis in the l'-3' plane we can diagonalise 
E' completely without changing the CP g transformation 
which is R 2 (021) in this basis. We then have 



E' = diag(jUi,/x 2 ,/i3), 



(D.l) 



with rj' 22 = fi 2 unchanged by the rotation in the l'-3' 
plane. In the following all formulae refer to this basis 
where we drop the prime for ease of notation. Then we 
get for the four-vector £ and the 4x4 matrix E defined 



E = 



o 

A?oo Vi 

m mi 

o o 

\Vs 















(D.2) 



(D.3) 



with the potential given by (|24j) . We must check the 
stability of the potential. Suppose this has been done, 
for instance by using theorem 1 of [1]. 

For a theory to have the correct EWSB and no zero 
mass charged Higgs fields the global minimum of V must 
be a solution of (|B.31|) - (]B.33|) . that is K must be a light- 
like four-vector. The corresponding Lagrange multiplier 
uq must be positive 



u > , 



(D.4) 



and it must be the largest Lagrange multiplier of all so- 
lutions of ((B3T|) - (|B~33| . According to theorem 3 of 4] 
these conditions are indeed not only necessary but also 
sufficient for the determination of the global minimum of 
an acceptable theory. 

Now we can write out (|B.31[) in components. For K 2 
we find 



+ u)K 2 = 0. 



(D.5) 



Spontaneous violation of the CP g type (ii) symmetry cor- 
responding to i?2 in this basis means A^2 ^ 0. Clearly, a 
solution of (|D.5[) with K 2 ^ requires 



U = -H2- 



(D.6) 



This can correspond to the true vacuum solution only 
if u = Uq > 0. Thus, we find as necessary condition 
for spontaneous violation of this CP g type (ii) symmetry 
from (|D.4|) and (|D.5[) that the eigenvalue /i 2 = rj 22 of E 
must be negative, 



M2 = ??22 < 0. 



(D.7) 



To prove that this CP g symmetry is spontaneously bro- 
ken one still has to check if, indeed, (|B.31[) - (|B.33|) have 
a solution for u = —/j, 2 and whether this is the solution 
with the largest Lagrange multiplier u — uq. The above 
results are summarised in theorem [7] in section 14.21 

Let us finally consider a potential with parameters as 
in (|D.2p , (|D.3[) having (at least) two stationary solutions 
on the light cone; see (|B.31[) - (|B.33I) . We suppose that the 
CP g symmetry corresponding to the reflection R 2 in this 
basis is respected by one solution K CP with K 2 P = and 
violated by the other solution through 7^ 0. 

We denote the corresponding Lagrange multipliers by 
i*cp and ugp=—[i 2 . Perturbing the CP g conserving 
point by a small amount (0 < e <C 1) within the light 
cone according to 



XCP ^CP , ^ CP 



(D. 





±e 

V j 

we find for the potential value 



V(K CP ) - V(K CP ) + (u CP + W ) (A- CP ) 2 e 2 + C(e 4 ) 

(D.9) 
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after employing the corresponding stationarity condition 
(|B.31|) with u = uqp- Therefore, the CP g conserving 
point can only be a (local) minimum if ucp + M2 > 0, 
that is, if ucp > Ur^r. From (123) in Q we know that a 
higher Lagrange multiplier means a lower potential value. 
To summarise, if the potential has a CP g conserving (lo- 
cal) minimum, there can be no stationary points with 
lower values of the potential which violate this symme- 



try. This result was found before, see [29j and references 
therein. While the existence of a CP g conserving light- 
like minimum implies that the global minimum has these 
properties too, there are cases with more than one CP g 
conserving light-like minimum; see Fig. 3 of [4j. There- 
fore, a determination of the actual global minimum is 
still necessary in general. 



H. P. Nilles, Phys. Rept. 110, 1 (1984). [16 
H. E. Haber and G. L. Kane, Phys. Rept. 117, 75 (1985). 
M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49 
(1973) 652. [17 
M. Maniatis, A. von Manteuffel, O. Nachtmann 
and F. Nagel Eur. Phys. J. C 48 (2006) 805 [18 
|hep-ph/0 605 1 84 . 

R. Barbieri and L. J. Hall, [hep-ph/0510243] . [19 
J. M. G erard and M. Herq uet, Phys. Rev. Lett. 98 (2007) 
251802 [hep-ph/0703"05Tj . [20 
A. D. Sakharov, Pisma Zh. Eksp. Teor. Fiz. 5 
(1967) 32 [JETP Lett. 5 (1967 SOPUA, 34,392-393. 1991 [21 
UFNAA, 161,61-64.1991) 24]. 

L. Fromme , S. J. Huber an d M. Seniuch, JHEP 0611 [22 
(2006) 038 jhep-ph/0605242] . [23 
W. Bernreuther Lect. Notes Phys. 591, 237 (2002) 
|hep-ph/0205"279] . 

W. Grimus~ancF M. N. Rebelo, Phys. Rept. 281 (1997) [24 
239 [hep-ph/9506272] . 

L. Lavoura and J . P. Silva, Phys. Rev. D 50 (1994) 4619 [25 
[hep-ph/9404276| . 

F. J. Botella and J . P. Silva, Phys. Rev. D 51, 3870 (1995) [26 
|hep-ph/9411288| . 

S. Davidson and H. E. Haber, Phys. Rev. D 72 [27 
(2005) 035004 [Erratum-ibid. D 72 (2005) 099902] 
|hep-ph/0504050] . [28 
J. F. G unionand H. E. Haber, Phys. Rev. D 72 (2005) 
095002 [hep-ph/0506"227 v2]. [29 
C. C. Nishi, Phys. Rev. D 74 (20 06) 036003 [Erratum- 
ibid. D 76 (2007) 119901] hep-ph/0605153]. 



D. O'Neil, Phys. 
[hep-ph/0602242| . 



Rev. D 
(Erratum- 



Phys. Rev. D 75 (2007) 035001 



H. E. Haber and 
74 (2006) 015018 
ibid.D74:059905,2006) 

I. F. Gi nzburg and M. Kr awczyk, Phys. Rev. D 72 (2005) 
115013 [hep-ph/0408lni~] . 

W. K hater and P. Qsla nd, Acta Phys. Polon. B 34 (2003) 
4531 hep-ph/0305308] . 

A. Barroso, P. M. Ferreira and R. Santos, 
[hep-ph/0702098] . 

I. P. Ivanov, Phys. Lett. B 632 (2006) 360 
[hep-ph/0507132] 
I. P. Ivanov, 
[hep-ph/0609018l . 

I. P. Ivanov, arXiv:0710.3490 [hep-ph]. 
M. Maniatis, A. von Manteuffel and O. Nachtmann, 
arXiv:0711.3760 [hep-ph], to be published in Eur. Phys. 
J. C. 

H. E. Habe r and R. H empfling, Phys. Rev. D 48 (1993) 
4280 [hep-ph/930720T] . 

J. F. Gunion and H. E. Haber, Nucl. Phys. B 272, 1 

(1986) [Erratum-ibid. B 402, 567 (1993)]. 

O. Nachtmann, "Elementary Particle Physics: Concepts 

And Phenomena", Springer, Berlin (1990). 

G. Ecker, W. Grimus and H. Neufeld, J. Phys. A 20 

(1987) L807. 

M. Maniatis, A. von Manteuffel and O. Nachtmann, Eur. 
Phys. J. C 49 (2007) 1067 [hep-ph/0608314] . 
A. Barroso, P. M. Ferreira and R. Santos, Phys. Lett. B 
632 (2006) 684 [hep-ph/0507224] . 



